
equences of s u b s t i t u t i n g  t h e  Ih-L-p (mass- 

molecular weight) r e l a t i o n  of s t e l l a r  
. 

s t r u c t u r e  theory i n  place of the "empirical" m-L and h-b 

.-. ~ r e l a t i o n s  are inves t iga t ed  f o r  t he  Russian theory of 
0 

evolu t ion  of completely mixed stars w i t h  mass loss. jI'he 

* mass loss rate becomes a f r e e  parameter, bu t  stars s t i l l  

.. 

' . evolve along t h e  main sequence. I t  i s  found t h a t  by 
; .f ' 

t h e o r e t i c a l l y  evolving t h e  i n i t i a l  luminosity funct ion,  I 

the-observed luminosity functions of early-type g a l a c t i c  

c l u s t e r s  may be reasonably well reproduced with a v a r i e t y  

of m a s s  loss rates and ages. Hence the  luminosity funct ion 

I ger does n o t  g ive  d e f i n i t e  evidence for  t h e  m o d e  of 
. \  

stel lar  evolu t ion  (homogeneous or inhomogeneous), rate 

o r k g e  of a cluster. 

! 
- . .. . 



.e .,. 1 1. -.-According to a theory developed 
L.' . 

I 

I 

I .  
aequence on the H-R diagrarir i s  a l O C U 8  of stars under- 

& Parenago 1950, I d l i s  1957, Masevich 1959, Fesenkov & I d l i s  

1959) 

.- '~ 
I 

going evolut ion w i t h  complete mixing and s u b s t a n t i a l  mass 

The rate of mass,loss has been taken to  be Fesenkov's 

(1949) 1,aw 

u = - k L ,  
d t  

and the mass-Juminosity r e l a t i o n  to be that derived from 
'. 

/I obsekvations, , 



. .  . .  
t . 

I,. . 
I 

.. . I , . .  . -  
, .  . . .  . , .  , , . > . . ,  . , , , . , ' . '  

From the rate of hydrogen deplet ion i n  a completely mixed 

star and a r e l a t i o n  between the m a s s  and mean molecular 

Weight, I d l i s  (1957) w a s  able to derive the value of the 

Using this value of k and i n t e g r a t i n g  equa- 

0 

', 
, constant k. 

t i o n  (1) I Usher (1963) evolved Idlis'e i n i t i a l  luminocrity 

function and found disagreement with the  observed luminosity ., .. , 

ctions of two typical g a l a c t i c  c lus t e r s .  In p a r t i c u l a r ,  

an unobserved accumulation of stars w a s  predicted by the 

theory. Roberts (Henyey 1960) had earlier come to  a 

similar conclusion. 

However, the semi-empirical basis on which the rela- 

. , t ion between mass and mean molecular weight depends is  

h ighly  uncertain (cf. Sect ion 2 ) .  I f  we drop t h i s  ex- 

pl ic i t  relation and, instead,  allow k to  be a free 

parameter, stars w i l l  still  evolve along *he main sequence 
I '  

(cf. Sect ion 3).  I n  this  paper we s h a l l  i n v e s t i g a t e  the  

consequences of evolut ion i n '  the unconstrained scheme. 

2. - 11 r e m  .-.Idlh -(le571 'Wed a semi-empirical 
_.  * - . -  

r e l a t i o n  between h and p to obta in  the  mass-loss c o e f f i c i e n t  

k. Although t h i s  r e l a t i o n ,  p - h (Severny 1954) 8 w a s  
, 

-0.225 
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# obtained w i t h  the h e l p  of published abundance analyses  

I 

\ 

of t h r e e  stars ( including t h e  sun ) ,  t h e  evidence i s  

gonorra&y haad t o  ba inoonalumtva. For &natanaa, 6t;rlkngxan 

of B, A, and F stars; i n  p a r t i c u l a r ,  t he  p o s i t i o n  of 

! 

j I 

! I  

S i f i u s  A i s ' p r e d i c t e d  w i t h  X = 0.70.  From available ob- 
. I  - \  

(1963) f i n d s  adequate f i t s  t o  t h e  observed main sequence 

using the "normal" chemical composition i n  models 
? 

ee rva t iona l  data, Ezer and Cameron (1964) f i n d  a value 

1 ,  
Ii 
I 

X - 0.74 for t h e  sun; t h e i r  use  of t h i s  va lue  g i v e s  
I *  . .  

I ' .  * reasonable  r e s u l t s  for a model of t h e  present  sun constructed 
8 .* 

* *  0 .  a t ' t h e  end of a series of. pre-main sequence con t r ac t ion  

models. However ,  observations of B stars y i e l d  X = 0.60 

I ( A l l e r  1961) 8 i.e. an jncrease- of mean- molecular weight 

w i th  inc reas ing  m a s s .  This is  presumably due t o  t h e  age 

d i f f e r e n c e  between t h e  low and high m a s s  s t a r s ,  and reflects 

the chemical evolu t ion  of the Galaxy. 

... 
2 

.. 

> 
i g  . I d e a l l y ,  t h e  h-p r e l a t i o n  should be determined for 
- ,  

a s i n g l e  c l u s t e r ,  wherein the  s tars ,are  roughly coeval. 

If p is  cons tan t  and t h e  c l u s t e r  luminosity func t ion  i s  

n o t  t h e  I d l i s  funct ion,  then evolut ion does n o t  proceed 

wi th  complete mixing, 
. 

I 

3: Evolution d o n a  the main seuuence .-A spread i n  
1 

. luminosi ty  for stars of t h e  same s p e c t r a l  type is observed. 

on t h e  upper main sequence. Some of t h e  spread is due to  

b 

i 1 .  

obse rva t iona l  errors, such a s  u n c e r t a i n , e x t i n c t i o n  cor- 

r e c t i o n s  i n  reg ions  of patchy absorption. From spec t roscopic  
- 4 -  



evidence, a high percentage of binaries occurs among 

early-type m t a r m ,  oauaing opurisualy high lumd.nemLC4.ra. 

Differen t  rotations may also cause luminosity differences.  

F ina l ly ,  evolutionary effects  w i l l  r e s u l t  i n  departures  

from the i n i t i a l  main sequence. 

1 .  . 
b 

$ e '  

':. Since, in addi t ion,  our knowledge of stellar masses 

is very incomplete (Schwarzschild 1958), the specification 

, 'of unique h-L and h-v r e l a t i o n s  seems t o  be unwarranted. 

Now exact ca lcu la t ions  show that,  for a wide range of h 

and X, homogeneous main sequence models f a l l  close t o  

- I  

I 

the observed main sequence (Blackler 1958, Iben 1963). 

Furthermore, Gamow (193.8)-kas -shown- that ,  without m a s s  . .. - .  - -  

. loss, completely mixed stars w i l l  evolve up the main 

sequence u n t i l  the hydrogen has been p r a c t i c a l l y  ex- 

hausted. Therefore we  s h a l l  adopt a h-L-X r e l a t i o n  as 

being more realistic for evolutionary calculat ions.  

-- 

The form of this  r e l a t i o n  must be got ten  from theory. 

Eddington's (1926) mass-luminosity l a w  i s  s t r i c t l y  ap- 

p l i cab le  only t o  stars i n  which n L ( r ) h ( r )  is a constant:  

i n  theory, therefore ,  only t o  g rav i t a t iona l ly  contract ing 

*. stars of extremely high mass (and hence high rad ia t ion  
', 
, preseure) .  I n  this case it w i l l  be given by 

- 5 -  



L 
1 + x '  L -  

where electron scattering dominates the opacity. 

may be considered as a limiting case. 

stars with the same opacity source, the dimensionless en- 

velope parameter C (Schwarzschild & H l r m  1958) yields 

This 

For ordinary massive 

, 

\. 

. .- -" J. 

4 
L - ~ h 3 .  l + X  

For stare in which bound-free absorption processes also 
I )  

i eccur,' combination of Kushwaha's (1957) parameters A and 

C yields 

8 
L ' N  - h5. l + x  (5) 

4 
The empirical result that L - h 
sequence is confirming evidence of the validity of these 

essentially dimensional arguments. 

along most of the main 
-- 

Comparison of the results for detailed models of 

homogeneous stars (derived from a variety of sources) 

may also he used to determine the mass and chemical compo- 

sition dependences, whenever the range in X for a given 

mass' is large enough. The adopted dependences are given 

\ in Table 1, where A and v are defined by 



*- . - ~ -_ - -F . 
.* -_ - - -  - 

; . *  
li . 
t 

1 ;  

I 

1 -  1 ,  i 

( 6 )  L - (1 + x)- hA. 
# 

1. * -1.4 It may be noted that  p - (1 + X) 

2. The bolometric magnitude l i s t e d  for  each mass i n  

Table 1 refers to  an ( i n i t i a l )  hydrogen abundance of 

for s m a l l  values  of 'I 
i 

1 .  1 -  
I <  

about 0.7 (Henyey, LeLevier, 61 Lev6e 1959). I 

.-me rate of hydrogen deple t ion  . 
'\\ 

4. 
' I  

where E = 6 . 0  x lo1* erg/gm and 5 is the rate of mass loss I 
I 

1 1 

' in the form of corpuscular radiat ion.  The f u l l  rate of ! 
m a s s  loss is 

% - g - 3 .  d t  

i 1 ~ l i *  

i I f  5 becomes as s m a l l  as L/c2 (the loss due t o  r ad ian t  

energy) 8 then d h/dt  may, as usual ,  be neglected on an 
I *  

' 

- +  

2 
I -  
I ..' * 

I evolut ionary t i m e  scale. Therefore we o m i t  L/C e n t i r e l y  
! 
l 

and obtain from equations ( 7 )  and ( 8 )  
. \  

I '  
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. ,  

. . .  . 3 .  

The form of g will be assumed to have a power-dependence 

on L: 

Finally, the mass-luminosity 'law may be written generally 
1 

-. ._ \ ......................... a8 - 
! 

- h  . . .  
I 

' I  

where a zero subscript refers to the initial epoch. 

Equations (9 ) ,  (10)' and (111, together with the 

initial conditions 

a t t = O :  h = h  0' L = . L ~ , X = X ,  0 (12) , 

.- 
determine the evolution of the star completely. 

5 .  Solutio= .-Let us introduce the following non- 

dimensional variables: 

L 
(13) 

0 
( 1 4 X ) E h  = 7 = t  1 + x '  0 x =  L 

L 
0 0 0 

. c =  m 
b o  m -  

0 

Then the basic equations become 

.t = xgv m', 

- 0 -  



with K - k E ( l  + X )L '-' and 
0 0  

_ .  .. . ... 

a t ~ = O :  m = 1 ,  4 = 1 ,  x - 1 .  (15) 

In general ,  equations (14) may be integrated 

a n a l y t i c a l l y  for m, although a simple quadrature is i n  

some cases necessary to obtain 7 .  , W e  shal l  here write 
\\ 

down the general oolutione. ! 

X K ( x  - 1) 4 = x-' e 

K(x - 1) m = e  

1 v + l  - ( 1 - x  v + l  7 =  ( X  = 1) (21) 

-- 



. .  . F ,. ... . .  

. ,  

for in tegra l  values  of v. 

If no mass losra takes place (k = 0 ) ,  

~ = x ” , , m = l ,  - T =  -(1 - xV+’). . (23) 
v + l  

,mfs time scale is the same as for L N h (A = 1) , because 
% . 

”.in both cases‘the m e a n  rate of energy generat ion,  L h ,  

depends only on X. 
/ 

The case considered by U s h e r  (1963) corresponds for- - 
- f  

neglect of changing chemical composition 
I ,  

‘ s ince ,  under the assumption of equat ion ( 2 ) ,  the m a s s  

--dependence of X does n o t  a f f e c t  7 and need not  be specified 

’ except  to  determine k. 

I f  the m a s s  loss is extensive enough, the luminosity , 

w i l l ’  i n i t i a l l y  decrease. 

the luminosi ty  never increases  i s  

The minimum, value of K for ‘which 

K = ? IC”. 

‘ \ Since x 2 0 . 5 ,  we have t h a t  ’K 2 2v/X for  L never t o  rise 

during hydrogen-burning. However, i f  K < v/Xx, L w i l l  

- 10 - 



' .  

r e t u r n  to its i n i t i a l  value when x is given by 

' I  

._ ' 
. ,  

'\ 

. .  6. W l w t v f -  .- W e  have 'adopted 

I d l i s  's (1957) i n i t i a l  luminosity func t ion  YbolI which 

- e x h i b i t s  a large maximum near  Ll - 0 and a smaller 

maximum near 'Ql - - 4.5. 

reasonably w e l l  w i t h  funct ions der ived by Masevich (1956) 

and by Salpeter (1955), i n  the t reatment  which I d l i s  

gives them. HoweverI Usher (1963) found khat Sandage's ----? 

(1957a) recomputation of the Salpeter funct ion predicted , 

too f e w  of the brightest  stars. 

n o t  t h a t  Sandage's funct ion differs somewhat f r o m  S a l p e t e r ' s  

Thio function agreeo 

". i - *  " 

The reason seems to  be 

o r i g i n a l  func t ion ,  bu t  t h a t  the evolut ionary theory used 

t o  ob ta in  Ybol d i f fers  for Sandage's (and Salpeter's) 

funct ion and for I d l i s ' s  rederived Salpeter function. 

I d l i s  also compares h i s  Y with observat ions of . bo1 

the Cygnus and Orion assoc ia t ions .  

and others made by Usher w i t h - d a t a  from Trumpler's un- 

published catalogue of g a l a c t i c  c l u s t e r s  give reasonably 

good. agreement wi th  the I d l i s  funct ion.  Walker's (1956, 

1957, 1961) ex tens ive  work on extremely young c l u s t e r s  

These comparisons 

- 11 - 



I 
I 

i 

1 '  
, * ,  

1 offers, i n  p a r t i c u l a r ,  fu r the r  evidence of the  secondary 

maximum. Van den Bergh'e (h957) IuminoeJty function doeo 

no t  s h o w  the secondary max imum,  bu t  he smoothed h i s  data 

considerabiy and inves t iya ted  mainly - c lus t e r s  which con- - . -  

t a i n  stars later than B5 and which show some evidence of 

evolut ion.  The r a w  observed data of van den Bergh and 
, - of Sandage, however, do show a secondary maximum a t  

I 
1 

~ 

4 ,  

I . .  % ,= - 2.0 t o  - 2.5. Fina l ly ,  the work of these two 

authors demonstrates the un ive r sa l i t y  of the i n i t i a l  

luminosity funct ion among e x i s t i n g  galactic c lus t e r s .  

. 1 

tion.-me . . .  7 .  E v o ~ ~  of u t l a l  l u a s i t v  func 

I consequences of evolving the i n i t i a l  I d l i s  funct ion with 

the d a t a  given i n  T a b l e  1 may be seen on F igure  1. 

w a s  assumed t h a t  stars disappear from the main sequence 

when X C 0.1.) 

(It 
,) * 

._ 

Resul ts  are shown for values  of k x 10 18 

t l  

18 equal  to  0, 0.22, and 1.0 gm/erg, and for k x 10 /L 13 

equal  t o  1.0 gm-sec/erg 2 , where L i s  the i n i t i a l '  13 

0. luminosi ty  of a s t a r  of 13 b 

The first case corresponds t o  homogeneous evolut ion 

without  mass loss. The i n i t i a l  rapid br ightening of the 

more massive stars is evident  as hydrogen becomes quickly 
\ 

consumed. Their subsequent disappearance from t h e  main 

- 1 2  - 



I 

1 .  

I .  

'. 

sequence occurs  simultaneously- with -the s l o w  -br ightening 

o f  the lrrr marriva # t a w .  Am a rasu l t ,  after 5 x 10 
. * _ _ . I -  - - .  . . . .  a '  

8 
. .  

years  a cent ra l '  accumulation of stars appears around 

3 .  5301 - - 
The choice of  k = 0.22 x 10 -18 f o r  the second case 

was d i r e c t e d  by a desire to  cause an i n i t i a l  decrease i n  

L and then an increase back t o  Lo at h a l f  the i n i t i a l  
'., 

hydrogen content  (cf. equation ( 2 6 )  ) . However, it should 

beenoted that this  w i l l  not occur on the same time scale 

, 

I 

' for stars of d i f f e r e n t  masses. W e  have adopted Fesenkov's 

l a w  (equation (1)) for the  form of the m a s s  loss rate. 

From the first case without mass l o s s ,  the most massive 

stars begin to  disappear  a t  2.5 x 10  years .  Mass loss 7 

7 prolongs their l i fe t ime up to  5 x 10 years ,  b u t  during 
.... 

, th i s  t i m e  they w i l l  have dimmed and brightened successively.  

Consequently the luminosity funct ion shows no apparent 

change u n t i l  t he i r  hydrogen is  completely exhaus$ed. 

Even smaller amounts of dimming and br ightening account 

for the s t a t i o n a r y  behavior of the  low-mass stars. Be- 

cause of the coarseness of the adopted Ybol# it w a s  i m -  

possible t o  f i n d  a value of k that  would make 4 

\ 

a c t u a l l y  bo1 

\%show an i n i t i a l  decrease, subsequent increase,  and f i n a l  

- 13 - . -  . :  



decrease at high luminosities. 

I rda, ide ( ~ 6 7 )  oemiUmp4,rieei value of k - 1 x 10 -Le 

corresponds to a mass loss which will dominate the evolu- 

tion. Adopting Fesenkov'a law for the form of the 1000 

rate, we obtain the results for the third case in Figure 1. 

On account of such an extensive 'loss, hydrogen depletion, 

in the moet massive stars is only fifty per cent even 

. 
'\ 

. . ,  
0 after 5 x 10 years. 

function loses weight continually at the brighter magni- 

The result is that the luminosity 
I 

fainter magnitudes. By 5 x 10 7 years the accumulation 

toward \l = 0 has eliminated the secondary maximum 
8 entirely. A new minimum appearing after 1 x 10 years 

I 

-. 
is caused by the accelerating evolution of stars initially 

.. 
= 0 .  These results are in many ways similar to at 5301 

those derived by Usher (1963) using only equations (1) 

and (2). The adoption of varying X and v,  however, does 

cause the temporary disappearance of the central minimum 

in the luminosity function. 
I 

The fourth case in Figure 1 illustrates the choice 

of a sass loss rate proportional to L 2 . The numerical 
coefficient corresponds to that used in the previous 



case but is normalized to  the i n i t i a l  luminosity of  the  

moats mrmaiv. atarm (A3 Tho ofPoot  La t;e d e p h t s  

s i g n i f i c a n t l y  only the  mass of  the  more massive stars 

and hence t o  l o w e r  t h e i r  luminosi t ies .  By 5 x 10 years  8 

their hydrogen has  been exhausted, bu t  t he  o n s e t  of hydro- 

gen deple t ion  i n  the stars of  lower mass begins  to  in-  * 

\ 
. #  . 

I 

5 ,  

. croa80 therm hninoritieo oomewhatt a ohift o f  the rnaxhurn 
I 

in t h e  l m i n o s i t y  funct ion from Ll = 0 to \l = - 2 

.is the result. 

,: , Idlis's rate of mass loss corresponds to about 

h / p a r  for the  most massive stars evolving a t  t h e i r  
' 0  

maximum ( i n i t i a l )  luminosity. Underh i l l ' s  (1960) value 

of lo-' ho/year derived from observat ions of  Be  s h e l l  ' 

stars is  probably a very generous estimate. Hence I d l i s ' s  
.r 

rate may be taken as an upper l i m i t .  
I 

8 .  w i s o n  with ob served lm i n o s i t v  func t ion ,  S.- 

D a t a  f o r  four  g a l a c t i c  clusters (h Persei, t he  Pleiades, 

. Praesepe, and the  Hyades) w e r e  taken from Sandage (1957a). 
** : 

bolometric correc- bo1 * For consis tency with t h e  adopted Y 

1 ' ,  t i o n s  were based on I d l i s ' s  work, as follows: from h i s  
/ I 

! '. . Figure 1 the  r e l a t i o n  between spectrum and 'yDol may be 
~. 

I read; then Parenago's r e l a t i o n  between spectrum and B.C. 
1 

'I 
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(Zonn 6t Rudnicki 1959) gives  us the required Mv-B.C. re- 

lation. For % 4 .. 4,  the bolometric correction wa8 as- 

sumed t o  be 0 3. 
I I 

' .  

Figure 2 shoes normalized luminosity funct ions for 

I the four  g a l a c t i c  c l u s t e r s  down t o  % w + 2, w i t h  the  
I . - ,  
I omission of t w o  extremely bright stars i n  h Persei. 

4 .  
I .  

* 
Comparison of the luminosity funct ion of h Persei with s k  i 

i t  

' Figure 1 shows reasonable agreement w i t h  almost any 

slightly evolved theo re t i ca l  function. Indeed, even on 

the basis'of inhomogeneous evolution Hayashi & Cameron 

. _ _ - -  _ _ . - -  - - -  -. - 
I . ......- - -  

' 

-.* 

7 (1962) derive the  young age of < 2 x 10 years. However, 

= -  7 suggest inhomo- %ol t he  t e r t i a r y  maximum around 

geneous evolut ion for a t  least some of the stars. 

The luminosity function of the Pleiades may be 
... 

8 reasonably w e l l  reproduced by the cases 0 . 5  - 1 x 10 

7 years for k = 0 (no mass loss) o r  by the case 1 x 1 0 .  

years for k = 10 (maximum m a s s  loss). The former -18 

age is, of course, c lose  to  that  given d i r e c t l y  by the  

assumption of inhomogeneous evolut ion (Sandage 1957b), 

s ince  stars do not  move far from the main sequence u n t i l  

the c e n t r a l  hydrogen content is  l o w ,  anyway. 

, 

L. 
I Praesepe and t h e  Hyades show considerable  evidence 
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I 
I 

! 

! 

4 -18) of evolut ion,  and on the  mass loss theory (k = 10 i muac hrvr rqars a# I H 10 7 and a, w 10 8 Y(bwC.8 rrmpmatlvoly. 

I However, i n  order f o r  a l l  the massive stars t o  have 

evolved away and f o r  stars of l o w e r  m a s s  to  have brightened 
I .  

0 

= 0 ,  the ages o f  these two c l u s t e r s  i u s t  be i n  to 5201 . .  

. akcese of 5 x 10 8 years  i n  the case of no mass lose 
'. 

(k O ) ,  Bandaga (1957b) gives - 1 x LO 9 year8 for 

t hese  c l u s t e r s  on the inhomogeneous theory. 

/ .  

. - .  

. : 

,.. . 

W e  conclude t h a t  c l u s t e r  luminosi ty  funct ions s m  
may n o t  be used to  decide for o r  against the theory of 

homogeneous evolut ion w i t h  m a s s  l o s s ,  s ince  any observed 

func t ion  may be reasonably  w e l l  reproduced on t h i s  theory. 

Moreover, it does n o t  seem poss ib le  t o  determine k and 

t h e  age uniquely,  by u s i n g  such funct ions.  On the  o the r  

hand, the theory of inhomogeneous evolut ion without m a s s  
' 

loss makes d e f i n i t e  predict ions of the luminosity function. 

Good evidence e x i s t s  that  t h i s  theory p red ic t s  c o r r e c t l y  

(Hayashi & Cameron 1962). 

may also be raised i n  i t s  favor  (Stothers 1963b). 

9 

Further  observat ional  arguments 

Apart from an e f f e c t i v e l y  neg l ig ib l e  observed rate 
! 

of mags loss (Stothers 1963a), t w o  o the r  direct observa-. 

' t i o n a l  tests may be made of the  Russian theory. A h-1 
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relation should exist among the members of a star cluster, , 

# 
* e  m d  Lmprovod o h m t a r  .xpan#len rqam mhould ybotd BeSLnb- 

tive ages, which. then narrow considerably the choice of I 

comparative theoretical luminosity functions. 
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I TABLE 1 
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.? Adopted i n i t i a l  values c -  
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3 ' . 6  

3 6 
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' , .  . , 

-3 ' , * 5.5 3.5 7 

-2 4.5 3.5 7 

-1 3.5 , 3.5 7 
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FIGURE CAPTIONS 

/ 

# F i g .  1. - Evolution of I d l i s ' s  i n i t i a l  luminosity ,- 

, I  function for the following values of the 

mass loss parameters: a = 1, (1) k = O 0  

(2Xk = 0.22 x 10 

and a 0 .2, (4) k - 1 x 10 

intervals are equal to 0.05. T h e ,  t, is 

given i n  years. 

Normalized luminosity functions of four 
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